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We show that optical excitation of the Mott insulating phase of the one-dimensional Hubbard
model can create a state possessing two of the hallmarks of superconductivity: a nonvanishing charge
stiffness and long-ranged pairing correlation. By employing the exact diagonalization method, we
find that the superposition of the η-pairing eigenstates induced by the optical pump exhibits a
nonvanishing charge stiffness and a pairing correlation that decays very slowly with system size in
sharp contrast to the behavior of an ensemble of thermally excited eigenstates, which has a vanishing
charge stiffness and no long-ranged pairing correlations. We show that the charge stiffness is indeed
directly associated with the η-pairing correlation in the Hubbard model. Our finding demonstrates
that optical pumping can actually lead to superconducting-like properties on the basis of the η-
pairing states.
A fundamental goal of nonequilibrium physics is to use
strong light-matter interactions to create new quantum
phases [1–4]. Recent experimental observation of possi-
ble light-induced superconductivity [5–9] has attracted
much attention and stimulated many theoretical stud-
ies [10–17]. These studies focus mainly on the possibil-
ity that a light pulse can change the Hamiltonian from
one with a nonsuperconducting state into one with a su-
perconducting phase anticipated in equilibrium. In con-
trast, in this paper, we show that optical excitation of
the Mott insulating phase of the one-dimensional (1D)
Hubbard model excites the system into a state charac-
terized by two of the hallmarks of superconductivity: a
nonvanishing charge stiffness D and a pairing correlation
Pij = 〈cˆ†i,↓cˆ†i,↑cˆj,↑cˆj,↓〉i 6=j that decays very slowly with
system size. The components of this state are present
in the spectrum but do not give rise to superconducting
properties in thermal equilibrium; in other words optical
excitation reveals a hidden pairing state.
Kaneko et al. [18] showed previously that optical
pumping the Mott insulating phase of the Hubbard
model created a state characterized by a pairing correla-
tion Pij , whose Fourier transform exhibited a very strong
peak at the wave vector q = pi, indicating that a pair den-
sity wave state was created [18]. The pair density wave
state was attributed to the preferential creation, by the
nonequilibrium drive, of Yang’s η-paired states [19]. Sub-
sequent work has demonstrated that η-pairing can be in-
duced by other protocols including injection of doublon-
hole pairs [20, 21] and effect of dissipation [22, 23].
These η-pairing states are characterized by the oper-
ators ηˆ+ =
∑
j(−1)j cˆ†j,↓cˆ†j,↑, ηˆ− = (ηˆ+)†, and ηˆz =
1
2
∑
j (nˆj,↑ + nˆj,↓ − 1), where the operators obey the
standard SU(2) commutation relations and the operator
ηˆ+ creates in effect a paired state with a staggered pair-
ing amplitude [19, 24]. Since the Hubbard Hamiltonian
commutes with the operator ηˆ2 = 12 (ηˆ
+ηˆ− + ηˆ−ηˆ+)+ ηˆ2z ,
Hubbard eigenstates are simultaneously eigenstates of ηˆ2,
and Yang has shown that a Hubbard eigenstate with a
nonzero value of 〈ηˆ2〉 has long-ranged pairing correlations〈
η+i η
−
j
〉
i 6=j = (−1)i+j 〈cˆ
†
i,↓cˆ
†
i,↑cˆj,↑cˆj,↓〉 [19].
While previous work reveals that the pump electric
field induces η-pairing states [18], actual superconduct-
ing properties were not established. In this paper, we
employ an eigenstate analysis and systematic finite-size
scaling to show that the photoinduced η-pairing state has
nonzero charge stiffness and long-ranged pairing correla-
tions, in contrast, for example, to any thermodynamic
ensemble average over states at half-filling, which would
yield an ensemble with no charge stiffness [25–28]. We
also determine the optimal pump profile for the η-pairing
and clarify its system size dependence.
We here study the 1D Hubbard model with the nearest
neighbor hopping th and on-site interaction U > 0:
Hˆ = −th
L∑
j=1
∑
σ
(
cˆ†j,σ cˆj+1,σ + H.c.
)
+ U
L∑
j=1
nˆj,↑nˆj,↓,
(1)
where cˆj,σ (cˆ
†
j,σ) is the annihilation (creation) opera-
tor for an electron at site j with spin σ (=↑, ↓) and
nˆj,σ = cˆ
†
j,σ cˆj,σ. We specialize to the half-filled case with
the number of electrons in each spin channel, Nσ = L/2
(number of sites L is taken to be even). Since [Hˆ, ηˆ2] =
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2[Hˆ, ηˆz] = 0, any eigenstate of Hˆ is also the eigenstate
|η, ηz〉 of ηˆ2 and ηˆz with the eigenvalues η(η + 1) and
ηz, respectively. At half-filling, the allowed eigenvalues
|η, ηz〉 are η = 0, 1, 2, · · · , L/2 and ηz = 0.
A time-dependent external field A(t) is intro-
duced via the Peierls substitution thcˆ
†
j,σ cˆj+1,σ →
the
iA(t)cˆ†j,σ cˆj+1,σ. We use a pump pulse given as A(t) =
A0e
−(t−t0)2/(2σ2p) cos [ωp(t− t0)] with amplitude A0, fre-
quency ωp, and pulse width σp centered at time t0
(> 0) [29]. We assume that for t = 0 the system is in the
Mott insulating ground state and evolve the state forward
in time using Hˆ(t), which is Hˆ with the time-dependent
hopping. We employ the time-dependent exact diagonal-
ization (ED) method [30, 31] for a finite-size cluster with
periodic boundary conditions (PBC) and the state at
time t is indicated by |Ψ(t)〉. For t−t0  σp, the resulting
state is projected onto the eigenstates |ψm〉 (eigenener-
gies εm) of the unperturbed Hubbard model, obtained
by full (exact) diagonalization. For each eigenstate, we
directly calculate the η-pairing eigenvalue η(η + 1). We
compute the charge stiffness [32] for each eigenstate |ψm〉
from
Dm =
L
2
∂2εm(Φ)
∂Φ2
∣∣∣∣
Φ=0
, (2)
with twisted boundary conditions (TBC), where the
phase Φ is introduced via a vector potential Atwist =
Φ/L [33, 34]. Details of the method and TBC are given
in the Supplemental Material [35].
Figure 1 shows the calculated stiffnesses Dm for all
eigenstates in the half-filled Hubbard chain at a large
value of the interaction U . The eigenstates are grouped
into sectors corresponding to different numbers of dou-
bly occupied sites. Significantly, most of Dm for the
Figure 1. Charge stiffness Dm of the eigenstates |ψm〉
(eigenenergies εm) in the half-filled Hubbard chain calculated
by the ED method for L = 10 (N↑ = N↓ = 5) at U = 20th.
The colors of the points indicate the values of η.
η-pairing eigenstates (η > 0) are positive, but most of
Dm for the non-η-pairing eigenstates (η = 0) are neg-
ative. The sum of Dm over all eigenstates is zero, be-
cause S(η) =
∑
mDm(η), the sum of the charge stiff-
ness of all eigenstates with the same η, satisfies S(η =
0) +
∑L/2
η=1 S(η) = 0 [35]. This implies that the ther-
mal ensemble at infinite temperature cannot have per-
fect conducting behavior. We find numerically that the
sum of Dm over all eigenstates in a given double occu-
pancy sector is also zero, and the sum of Dm over all
eigenstates within a given small energy range is close to
zero. This strongly suggests that the thermal average of
charge stiffness is zero in equilibrium at any temperature
as theoretically expected [25–28]. To obtain D > 0 in the
half-filled Hubbard chain, one must prepare an ensemble
in which η-pairing (η > 0) eigenstates have larger weight
than η = 0 eigenstates. We next show that photoexcita-
tion produces just such an ensemble.
Before showing D(t), we review the photoinduced state
|Ψ(t)〉 and its weight distribution. As shown in Fig. 2(b),
the external pulse A(t) induces an η-pairing correla-
tion 〈ηˆ2〉 (t) = 〈Ψ(t)|ηˆ2|Ψ(t)〉 = 〈Ψ(t)|ηˆ+ηˆ−|Ψ(t)〉 at
half-filling, corresponding to the enhancement of the su-
perconducting correlation at momentum q = pi shown
in Ref. [18]. Figure. 2(a) shows the weight distribu-
tion of the eigenstates |ψm〉 in the photoinduced state
|Ψ(t)〉, where the color of each point indicates the weight
| 〈ψm|Ψ(t)〉 |2 and the total weight is shown as a function
of η in Fig. 2(c). These results clearly show that pho-
toexcitation preferentially induces eigenstates |ψm〉 with
η > 0, explaining the large value of 〈ηˆ2〉 (t) observed in
the photoinduced state |Ψ(t)〉. This photoinduced non-
thermal distribution implies D(t) > 0.
To verify the stiffness D(t) > 0 in this photoinduced
state |Ψ(t)〉, we apply the time-dependent flux A(t) =
Φ(t)/L, given by Φ(t) = θ(t− t1)× [δΦ · (t− t1)], begin-
ning at time t1 long after the pump pulse (t1− t0  σp),
where θ(t) is the Heaviside step function and Φ(t) in-
creases linearly in time with slope δΦ, corresponding to
an electric field ∂A(t)∂t ∝ δΦ. To estimate the stiffness
in the photoinduced state |Ψ(t)〉, we compute the energy
E(t) = 〈Ψ(t)|Hˆ(t)|Ψ(t)〉 under the time-dependent flux
Φ(t). As shown in Fig. 2(d), the curvature of E(t) is pos-
itive with respect to Φ(t), indicating D(t) > 0. To iden-
tify the curvature of the energy E(t) at Φ = 0, we should
notice that the charge stiffness D(t) =
∑
m |cm(t)|2Dm
can also be evaluated directly from the weight |cm(t)|2 =
| 〈ψm|Ψ(t)〉 |2 in the photoinduced state |Ψ(t)〉. Compar-
ing with ∆E(Φ) = D(t1)Φ
2/L, the energy curve E(t)
at Φ(t) ∼ 0 is perfectly fitted by the stiffness D(t1)
evaluated from the photoinduced weight distribution.
Therefore, the photoinduced state |Ψ(t)〉 has a stiffness
D(t) > 0.
The above results demonstrate an association between
a nonthermal distribution of states with 〈ηˆ2〉 6= 0 and
3Figure 2. (a) All eigenenergies εm and eigenvalues η for the
eigenstates |ψm〉 of the half-filled Hubbard Hamiltonian Hˆ at
U = 20th and L = 10 (N↑ = N↓ = 5) with PBC. The color
of each point indicates the weight | 〈ψm|Ψ(t)〉 |2 of the eigen-
state |ψm〉 in the photoinduced state |Ψ(t)〉 at t = 40/th for
A(t) with A0 = 0.3, ωp = 19.36th, σp = 2/th, and t0 = 10/th.
(b) Time evolution of 〈ηˆ2〉 (t)/L = 〈Ψ(t)|ηˆ2|Ψ(t)〉 /L for the
same model parameters in (a). (c) Total weight w(η) of
| 〈ψm|Ψ(t)〉 |2 over the states |ψm〉 with the same number
η in (a). Note that
∑L/2
η=0 w(η) = 1. (d) Time evolu-
tion of the energy E(t) = 〈Ψ(t)|Hˆ(t)|Ψ(t)〉 under the time-
dependent flux Φ(t) = θ(t− t1)× [δΦ · (t− t1)] applied after
the pulse irradiation (t1 > t0). The dashed line indicates
∆E(Φ) = D(t1)Φ
2/L with the charge stiffness D(t) at t = t1
evaluated byD(t) =
∑
mDm| 〈ψm|Ψ(t)〉 |2 (see the text). The
inset shows E(t) in the whole energy scale. The results are
calculated using the ED method with δΦ = 0.5 × 10−3 and
t1 = 40/th in Φ(t).
a nonvanishing charge stiffness. We now show that
these two factors are also associated with long-ranged
η-pairing correlation. First, we see this association in
Yang’s maximally η-paired state |φNη 〉 ∝ (ηˆ+)Nη |0〉 gen-
erated from the vacuum |0〉 [19]. For this state, Yang
showed that the η-pairing correlation is distance inde-
pendent and of infinite range with 〈φNη |ηˆ+i ηˆ−j |φNη 〉i 6=j =
Nη(L−Nη)
L(L−1) [19]. Here we find that the charge stiff-
ness Dη for Yang’s η-pairing state |φNη 〉 satisfies Dη =
4Jex 〈φNη |ηˆ+i ηˆ−j |φNη 〉i 6=j > 0 with the exchange interac-
tion Jex = 2t
2
h/U (see details in the Supplemental Ma-
terial [35]), which directly associates the charge stiffness
with the long-ranged pairing correlation.
Our numerical evidence strongly suggests that this as-
sociation is valid beyond Yang’s η-pairing state. To dis-
Figure 3. 〈ηˆ2〉 (t)/L as the function of nd(t) in the half-filled
Hubbard chain at U = 20th with ωp/th = 18.68, 19.11, 19.36,
19.54, and 19.66 for L = 6, 8, 10, 12, and 14, respectively.
The dashed line is 〈ηˆ2〉 (nd)/L = nd. The diamond indicates
〈ηˆ2〉 /L = nd = 0.25, which is the average of 〈ψm|ηˆ2|ψm〉 over
all Hubbard eigenstates at half-filling (N↑ = N↓ = L/2). The
results are calculated by the ED method under PBC with
A0 = 0.3, σp = 2/th, and t0 = 10/th in A(t).
cuss this, let us review the ingredients of 〈ηˆ2〉. At half-
filling (ηz = 0), the algebra of η operators implies
〈ηˆ2〉 = Lnd +
∑
i6=j
〈ηˆ+i ηˆ−j 〉 (3)
with the double occupancy nd =
1
L
∑
j 〈nˆj,↑nˆj,↓〉. From
the analysis of the eigenstates, we can show 〈ηˆ2〉 (nd) ≡
1
Nnd
∑
m 〈ψm|ηˆ2|ψm〉nd = Lnd in each double occupancy
(nd) sector, where Nnd is the number of the eigenstates
and the suffix nd indicates the eigenstate within the nd
sector (see the Supplemental Material [35]). We can also
show that the average of 〈ψm|ηˆ2|ψm〉 over all Hubbard
eigenstates at half-filling is 〈ηˆ2〉avr. /L = 0.25, which
is same with the double occupancy nd = 0.25 at infi-
nite temperature. Comparing with Eq. (3), these rela-
tions strongly suggest that a thermal distribution of the
eigenstates has no long-range η-pairing correlation. How-
ever, we find for the optically generated state |Ψ(t)〉 that
〈ηˆ2〉 > Lnd [see, e.g., Fig. 2(b), where 〈ηˆ2〉 (t)/L > 1],
which implies contributions from nonlocal pairing corre-
lations 〈ηˆ+i ηˆ−j 〉i 6=j in Eq. (3).
We now analyze the spatial correlations and finite
size effects in the photoinduced state. One trivial fi-
nite size effect is a weak size dependence of the op-
timal photoexcitation frequency ωp. For each system
size, we calculate 〈ηˆ2〉 (t) with different ωp (see the Sup-
plemental Material [35]). Here we present results ob-
tained at the optimal ωp for each size. We represent
the amount of optical excitation by the induced double
occupancy in Fig. 3, by plotting 〈ηˆ2〉 (t)/L as a func-
4Figure 4. Time-dependent η-pairing correlation P
(η)
i6=j(t) as
the function of the double occupancy nd(t) in the half-filled
Hubbard chain at U = 20th with ωp/th = 18.68, 19.11, 19.36,
19.54, and 19.66 for L = 6, 8, 10, 12, and 14, respectively.
Inset: Size dependence of P
(η)
i6=j(t) at nd(t) = 0.3. The dashed
and solid lines are polynomial and power-law fittings, respec-
tively. The results are calculated by the ED method under
PBC with A0 = 0.3, σp = 2/th, and t0 = 10/th in A(t).
tion of nd(t) =
1
L
∑
j 〈Ψ(t)|nˆj,↑nˆj,↓|Ψ(t)〉. Note that
here we consider a fixed pump strength A0, which pro-
duces time-dependent nd(t) and 〈ηˆ2〉 (t). Equivalent re-
sults could be obtained by A0 dependence considering
the long-time limits of nd(t) and 〈ηˆ2〉 (t) (see the Sup-
plemental Material [35]). Figure 3 reveals two important
results: 〈ηˆ2〉 (t)/L under photoexcitation is systemati-
cally greater than nd (dashed line), indicating that the
〈ηˆ+i ηˆ−j 〉i 6=j term in Eq. (3) is nonzero, and the difference
from nd increases with increasing system size L. Ex-
amination of Eq. (3) indicates that this increase must
correspond to the development of long-range correlation.
In comparison with an average with thermal distribution
of the eigenstates, where 〈ηˆ2〉 /L ∼ nd and D ∼ 0 are ex-
pected, 〈ηˆ2〉 (t)/L > nd(t) in Fig. 3 implies a nonthermal
distribution induced by optically preferential η-pairing
states, which gives rise to a nonvanishing charge stiffness
D(t) > 0 (see, e.g., Fig. 2).
To further understand the pairing correlation, we de-
fine the quantity
P
(η)
i 6=j(t) =
1
L2
∑
i 6=j
〈Ψ(t)|ηˆ+i ηˆ−j |Ψ(t)〉 . (4)
When long-ranged η-pairing correlation is formed,
P
(η)
i 6=j(t) remains nonzero with increasing system size L,
corresponding to 〈ηˆ2〉 ∼∑i 6=j 〈ηˆ+i ηˆ−j 〉 ∝ L2. For Yang’s
η-pairing state |φη〉, P (η)i 6=j = 0.25 at nd = 0.5 regardless
of the system sizes. In Fig. 4, we show P
(η)
i 6=j(t) with the
different system size L. We see for the optically created
Figure 5. Dependence of 〈ηˆ2〉 (t)/L on pump width σp, com-
puted for the half-filled Hubbard chain using the ED method
with PBC and U = 20th at t = 10σp + 10/th after the pump
maximum. The pump frequencies are ωp/th = 18.68, 19.11,
19.36, 19.54, and 19.66 for L = 6, 8, 10, 12, and 14, re-
spectively, and the other pump parameters are A0 = 0.3 and
t0 = 5σp.
state that the magnitude is P
(η)
i 6=j(t) ∼ 0.07 at nd(t) = 0.3,
which is comparable to the value in Yang’s maximally
η-paired state. The value of P
(η)
i 6=j(t) varies slowly with
system size. The inset of Fig. 4 shows the L dependence
of P
(η)
i 6=j(t) at nd(t) = 0.3. While the range of system sizes
accessible to us is too small to make a definitive state-
ment, the results are consistent with either a nonzero
extrapolation to the L → ∞ limit or P (η)i6=j ∝ L−α with
α ∼ 0.3 corresponding to very slowly decaying power-law
pairing correlation (quasi-long-range order).
Finally, we comment on the pulse width σp depen-
dence. Since a high-temperature ensemble is expected
in the limit of σp → ∞ at ωp ∼ U [36], there must be
an optimal value of σp for the enhancement of the η-
pairing correlation. Figure 5 shows the σp dependence
of 〈ηˆ2〉 (t)/L computed at a long time after the optical
pump. The optimal pump width and the maximal value
of 〈ηˆ2〉 (t)/L increase with increasing L, which is consis-
tent with the idea that the pump produces a state with
long-ranged correlations.
In conclusion, we have shown from finite system nu-
merics along with a scaling analysis of the system size
dependence that optical excitation of the 1D Hubbard
model creates a state possessing two of the hallmarks of
superconductivity: a nonvanishing charge stiffness and
long-ranged pairing correlation. The fundamental reason
is that optical excitation preferentially creates η-pairing
states, which as we have shown here via an eigenstate
analysis have a positive stiffness with typical values of
D ∼ Jex = 2t2h/U . This work extends the previous
study [18] showing that optical excitation can induce η-
pairing correlations by demonstrating that the nonequi-
librium ensemble created by the drive in fact has super-
conducting properties.
While the 1D Hubbard model we used here is in sev-
eral respects a highly simplified description of real ma-
5terials, it can be realized in cold atomic gasses and our
results provide predictions for experiments in these sys-
tems. But, more fundamentally, we believe that our re-
sults are important because they provide an existence
proof that nonequilibrium drive can create a state with
superconducting properties in an originally nonsupercon-
ducting system. Our work provides new understanding
of the qualitative properties of light-induced supercon-
ductivity, and may serve as a base for future research
including both a more detailed examination of the prop-
erties of the light-induced superconducting state and ex-
tensions to higher dimensions and richer models [37].
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6Supplemental Material
1. Time-dependent exact diagonalization method
For the time evolution of the state |Ψ(t)〉, we employ
the time-dependent exact diagonalization (ED) method.
The detail is described in Ref. [S1]. Our time-dependent
ED method is based on the Lanczos algorithm and the
time evolved state with a short time step δt is calcu-
lated in the corresponding Krylov subspace generated
with ML Lanczos iterations [S2–S4]. Here, we adopt
δt = 0.001/th and ML = 15 for the time evolution.
We assume |Ψ(t = 0)〉 = |ψ0〉 as the initial state, where
|ψ0〉 is the ground (Mott insulating) state of the Hubbard
Hamiltonian Hˆ.
2. Twisted boundary conditions
In order to estimate the charge stiffness, we consider
the one-dimensional (1D) Hubbard model with the flux
Φ, described by
HˆΦ = −th
∑
j,σ
(
ei
Φ
L cˆ†j,σ cˆj+1,σ + H.c.
)
+ U
∑
j
nˆj,↑nˆj,↓.
(S1)
Notice that through a transformation ˆ˜cj,σ = e
iΦLRj cˆj,σ,
where Rj is the location of site j, HˆΦ is transformed
to Hˆ defined in Eq. (1) in the main text with a simple
substitution cˆj,σ → ˆ˜cj,σ. However, since the operator ˆ˜cj,σ
satisfies ˆ˜cL+1,σ = e
iΦˆ˜c1,σ, the transformed Hamiltonian
Hˆ has to satisfy twisted boundary conditions (TBC) with
the phase Φ, in stead of periodic boundary conditions
(PBC).
Even in the presence of the flux Φ, we can still define
the η-pairing operators. With the local pair operators
ηˆ+j = (ηˆ
−
j )
† = (−1)j cˆ†j,↓cˆ†j,↑ and ηˆzj = 12 (nˆj,↑ + nˆj,↓ − 1),
η-pairing operators under the flux Φ are given by ηˆ±Φ =∑
j e
∓i 2ΦL Rj ηˆ±j and ηˆz =
∑
j ηˆ
z
j [S5]. These operators
also satisfy the SU(2) commutation relations
[
ηˆz, ηˆ
±
Φ
]
=
±ηˆ±Φ and
[
ηˆ+Φ , ηˆ
−
Φ
]
= 2ηˆz. However, in contrast to
the η-pairing operators at Φ = 0, [HˆΦ, ηˆ+Φ ηˆ−Φ ] 6= 0
for arbitrary Φ. The Hamiltonian HˆΦ commutes with
ηˆ2Φ =
1
2
(
ηˆ+Φ ηˆ
−
Φ + ηˆ
−
Φ ηˆ
+
Φ
)
+ ηˆ2z only at Φ = npi (n =
0,±1,±2, · · · ) [S5].
In Fig. S.1(a), we calculate the eigenenergies εm(Φ)
of the half-filled Hubbard Hamiltonian HˆΦ, only show-
ing the eigenenergies in the vicinity of Yang’s η-pairing
state at εm(Φ = 0) = UL/2. The color of each point
indicates the η-pairing correlation 〈ψm(Φ)|ηˆ2Φ|ψm(Φ)〉 =
〈ψm(Φ)|ηˆ+Φ ηˆ−Φ |ψm(Φ)〉 of the eigenstate |ψm(Φ)〉. We can
clearly observe that the energy curves εm(Φ) have min-
ima with a period of pi, indicating the signature of the flux
quantization with charge 2e. This should be contrasted
Figure S.1. Eigenenergies εm(Φ) in the half-filled Hubbard
model as a function of the flux Φ calculated by the ED method
for L = 10 at U = 20th. (a) εm(Φ) in the vicinity of Yang’s η-
pairing state at εm(Φ) = UL/2 and (b) εm(Φ) for the ground
state are plotted. The color of each point indicates the η-
pairing correlation 〈ψm(Φ)|ηˆ2Φ|ψm(Φ)〉 /L for the eigenstate
|ψm(Φ)〉. The inset of (b) is the enlarged plot of (b). Notice
that the scale of the vertical axis in the inset of (b) is orders
of magnitude smaller.
with the behavior of εm(Φ) for the eigenstates around
the Mott insulating ground state, which oscillates with a
period of 2pi, shown in the inset of Fig. S.1(b).
Under TBC, the charge stiffness Dm of the eigenstate
|ψm〉 is given by
Dm =
L
2
∂2εm(Φ)
∂Φ2
∣∣∣∣
Φ=0
. (S2)
Because εm(Φ) = 〈ψm(Φ)|HˆΦ|ψm(Φ)〉, the second order
perturbation analysis with respect to Φ provides
Dm = − 1
2L
〈ψm|Tˆ |ψm〉 − 1
L
∑
n(6=m)
| 〈ψn|Jˆ |ψm〉 |2
εn − εm , (S3)
where the kinetic operator Tˆ and current operator Jˆ are
defined as
Tˆ = −th
∑
j,σ
(
cˆ†j,σ cˆj+1,σ + cˆ
†
j+1,σ cˆj,σ
)
, (S4)
Jˆ = −ith
∑
j,σ
(
cˆ†j,σ cˆj+1,σ − cˆ†j+1,σ cˆj,σ
)
. (S5)
7In this paper, the charge stiffness Dm is computed by
Dm = (L/2)× [εm(δΦ) + εm(−δΦ)− 2εm(0)]/(δΦ)2 with
δΦ = 0.001.
3. Charge stiffness of Yang’s η-pairing state
In this section, we derive the charge stiffness of Yang’s
maximally η-paired state
|φNη 〉 =
1√CNη (ηˆ+)Nη |0〉 , (S6)
where Nη is the number of η-pairs and CNη =
Nη!
∏Nη
k=1(L − k + 1). |φNη 〉 is an eigenstate of the
Hubbard model with the eigenenergy NηU [S6]. Since
〈φNη |Tˆ |φNη 〉 = 0 in Eq. (S3), the stiffness Dη is given by
Dη = − 1
L
∑
n
| 〈ψn|Jˆ |φNη 〉 |2
εn −NηU . (S7)
Because Yang’s η-pairing state satisfies HˆJˆ |φNη 〉 =
(Nη − 1)UJˆ |φNη 〉, the normalized state
|φ˜Nη−1〉 =
1√
〈φNη |Jˆ2|φNη 〉
Jˆ |φNη 〉 (S8)
is also the eigenstate of the Hubbard Hamiltonian Hˆ with
the eigenenergy (Nη − 1)U . Therefore, Dη becomes
Dη =
1
LU
〈φNη |Jˆ2|φNη 〉 . (S9)
By using the commutation relations between ηˆ± and Jˆ
previously derived in Ref. [S1], we obtain
〈φNη |Jˆ2|φNη 〉 = 8t2h
Nη (L−Nη)
L− 1 . (S10)
Finally, combining Eqs. (S9) and (S10), we obtain
Dη = 4Jex
Nη (L−Nη)
L(L− 1) , (S11)
where we introduced the exchange interaction Jex =
2t2h/U . The stiffness Dη of Yang’s η-pairing state is
thus characterized by the exchange interaction Jex and
the number of η-pairs Nη. At half-filling (Nη = L/2),
Dη = JexL/(L − 1), which becomes Dη = Jex in the
L→∞ limit.
Importantly, since the off-diagonal long-range order in
Yang’s η-pairing state is characterized by [S6]
〈φNη |ηˆ+i ηˆ−j |φNη 〉i 6=j =
Nη (L−Nη)
L (L− 1) , (S12)
the charge stiffness Dη becomes
Dη = 4Jex 〈φNη |ηˆ+i ηˆ−j |φNη 〉i6=j . (S13)
Therefore, the η-pairing correlation is directly associated
with the stiffness Dη and Yang’s state |φNη 〉 has the non-
vanishing stiffness Dη > 0.
4. Charge stiffness and superfluid density
While the charge stiffness D is well defined even in one
dimension, the evaluation of the superfluid density (and
thus Meissner effect) requires a system in more than one
spatial dimension [S7, S8]. Although the long-range η-
pairing correlation is a necessary and sufficient condition
for superconductivity, D 6= 0 is a sufficient condition be-
cause a perfect metal can also exhibit D 6= 0 [S7, S8].
However, this is excluded in Yang’s η-pairing state be-
cause the charge stiffness in Eq. (S13) is directly associ-
ated with the long-range η-pairing correlation. Further-
more, the corresponding energy curve εm(Φ) has minima
with a period of pi as shown in Fig. S.1(a), revealing the
signature of the flux quantization with charge 2e, not
with charge e expected for a perfect metal [S9]. The di-
rect calculation of superfluid density in the photoexcited
state in a higher dimensional system is an interesting ex-
tension and this is left for a future study.
5. Sum rule for charge stiffness
Here, we show the following relation
S =
∑
m
Dm = 0. (S14)
In this and the next sections, to indicate the η de-
grees of freedom explicitly, we describe the eigenstate as
|ψm; η, ηz〉. From Eq. (S3), the charge stiffness of the
eigenstate |ψm; η, ηz〉 at half-filling (ηz = 0) is given by
Dm(η) =− 1
2L
〈ψm; η, 0|Tˆ |ψm; η, 0〉
− 1
L
∑
n
| 〈ψn; η′, 0|Jˆ |ψm; η, 0〉 |2
εn(η′)− εm(η) . (S15)
Because of the selection rule 〈ψn; η′, 0|Jˆ |ψm; η, 0〉 = 0
when η′ 6= η± 1 [S1, S10], the charge stiffness is given by
Dm(η) =− 1
2L
〈ψm; η, 0|Tˆ |ψm; η, 0〉
− 1
L
∑
n
′ | 〈ψn; η − 1, 0|Jˆ |ψm; η, 0〉 |2
εn(η − 1)− εm(η)
− 1
L
∑
n
′ | 〈ψn; η + 1, 0|Jˆ |ψm; η, 0〉 |2
εn(η + 1)− εm(η) . (S16)
To avoid possible confusion, here we indicate by the
prime the sum over all energy eigenstates |ψn; η, ηz〉 with
a particular value of η (ηz = 0 at half-filling).
Here, we define the sum of the charge stiffness for the
eigenstates with the same number of η as
S(η) =
∑
m
′
Dm(η). (S17)
8We divide the contribution from Tˆ and Jˆ operators as
S(η) = ST (η) + SJ(η) (S18)
and discuss ST (η) and SJ(η) separately. First, ST (η) is
given by
ST (η) = − 1
2L
∑
m
′ 〈ψm; η, 0|Tˆ |ψm; η, 0〉 . (S19)
Because we assume the particle-hole symmetric structure
with Tˆ = −2th
∑
k,σ cos(k)c
†
k,σck,σ, the sum for all eigen-
states at half-filling satisfies
L/2∑
η=0
∑
m
′ 〈ψm; η, 0|Tˆ |ψm; η, 0〉 = 0, (S20)
and we thus obtain
L/2∑
η=0
ST (η) = 0. (S21)
Next, SJ(η) is given by
SJ(η) =
1
L
∑
m,n
′ | 〈ψn; η, 0|Jˆ |ψm; η − 1, 0〉 |2
εn(η)− εm(η − 1)
− 1
L
∑
m,n
′ | 〈ψn; η + 1, 0|Jˆ |ψm; η, 0〉 |2
εn(η + 1)− εm(η) , (S22)
where the sum SJ(η) is characterized by the transitions
η − 1→ η and η → η + 1. Introducing the function
F (η + 1, η) =
1
L
∑
m,n
′ | 〈ψn; η + 1, 0|Jˆ |ψm; η, 0〉 |2
εn(η + 1)− εm(η) , (S23)
the sum SJ(η) is given by
SJ(η) = F (η, η − 1)− F (η + 1, η), (S24)
where S(L/2) = F (L/2, L/2 − 1) and S(0) = −F (1, 0).
Because F (η + 1, η) in SJ(η) and SJ(η + 1) cancels each
other, the sum of SJ(η) for all η becomes
L/2∑
η=0
SJ(η) =
L/2∑
η=0
[F (η, η − 1)− F (η + 1, η)] = 0. (S25)
Combining Eqs. (S21) and (S25), we finally obtain
S =
L/2∑
η=0
S(η) =
L/2∑
η=0
[ST (η) + SJ(η)] = 0. (S26)
Therefore, the sum of Dm over all eigenstate is zero. Be-
cause of the derivation shown above, S = 0 also gives us
the following interesting relation:
L/2∑
η=1
S(η) = −S(0). (S27)
Figure S.2. Double occupancies n
(m)
d and eigenvalues η for
the eigenstates |ψm〉 of the half-filled Hubbard model (N↑ =
N↓ = L/2) at U = 20th and L = 10 under PBC. Right panel:
n
(m)
d and η around nd = 0.3.
Table I. Number of the eigenstates for the half-filled Hubbard
model with N↑ = N↓ = L/2 = 5.
Nd (= Lnd)
0 1 2 3 4 5
η
5 1 1
4 90 9 99
3 1260 630 35 1925
2 4200 6300 1800 75 12375
1 3150 12600 11340 2520 90 29700
0 252 3150 8400 6300 1260 42 19404
252 6300 25200 25200 6300 252 63504
The sum of the charge stiffness for the η = 0 eigenstates
and that for the η > 0 eigenstates have the opposite sign.
The calculated Dm shown in the main text satisfies this
relation, and most of Dm for the η > 0 eigenstates are
positive and most of Dm for the η = 0 eigenstates are
negative.
6. Average of 〈ηˆ2〉
In this section, we estimate the average of 〈ψm|ηˆ2|ψm〉
within each double occupancy (nd) sector. In Fig. S.2,
we show the value of η and double occupancy
n
(m)
d =
1
L
∑
j
〈ψm|nˆj,↑nˆj,↓|ψm〉 (S28)
for all eigenstates |ψm〉 of the ten-site Hubbard ring
at half-filling. The large U means the eigenstates are
grouped also into sectors of different double occupancies
nd = Nd/L (Nd = 0, 1, . . . , L/2) together with different
values of η. The average of 〈ψm|ηˆ2|ψm〉 belonging to the
9nd sector may be defined as
〈ηˆ2〉 (nd) = 1Nnd
∑
m
〈ψm|ηˆ2|ψm〉nd
=
1
Nnd
Nd∑
η=0
∑
m
|n(m)d −nd|<∆nd
′ 〈ψm; η, 0|ηˆ2|ψm; η, 0〉 ,
(S29)
where we sum up 〈ψm|ηˆ2|ψm〉 for the eigenstates within
a range |n(m)d − nd| < ∆nd and Nnd is the number of the
eigenstates within the range. Note that, since we intend
to estimate the average of 〈ψm|ηˆ2|ψm〉 in each nd sector,
we assume an appropriate ∆nd (as small as 0.01 in this
case) to pick up all eigenstate belonging to the nd sector.
Because 〈ψm; η, 0|ηˆ2|ψm; η, 0〉 = η(η + 1), we have
〈ηˆ2〉 (nd) =
Nd∑
η=0
η(η + 1)Nη,Nd
Nd∑
η=0
Nη,Nd
, (S30)
where Nη,Nd is the number of the eigenstates with η in
the nd (= Nd/L) sector and Nnd =
∑
ηNη,Nd .
In Table I, we show Nη,Nd , corresponding to Fig. S.2,
for the ten-site Hubbard ring at half-filling (N↑ = N↓ =
L/2). We can show that Nη,Nd in Table I is given as
Nη,Nd =
(
L
L− 2Nd
)(
L− 2Nd
L/2−Nd
)
×
[(
2Nd
Nd − η
)
−
(
2Nd
Nd − η − 1
)]
, (S31)
where
(
L
L−2Nd
)(
L−2Nd
L/2−Nd
)
is the number of the states on
the singly occupied sites and
(
2Nd
Nd−η
) − ( 2NdNd−η−1) is the
number of the states on the doubly and no occupied sites
with the different η [S11–S13]. Combining Eqs. (S30) and
(S31), we obtain
〈ηˆ2〉 (nd) = Nd = Lnd. (S32)
We can also show that the average of 〈ψm|ηˆ2|ψm〉 over
all eigenstates is 〈ηˆ2〉avr. /L = 0.25, which is the same as
the double occupancy nd = 0.25 at infinite temperature.
7. Photoinduced η-pairing
Here we provide the supplemental data for the pho-
toinduced η-pairing state. Figure S.3 shows the time-
evolution of the double occupancy
nd(t) =
1
L
∑
j
〈Ψ(t)| nˆj,↑nˆj,↓ |Ψ(t)〉 (S33)
Figure S.3. Time evolution of the double occupancy nd(t)
and the η-pairing correlation 〈ηˆ2〉 (t)/L. Inset: 〈ηˆ2〉 (t)/L as
the function of nd(t). The arrow indicates the time-evolved
direction. The results are calculated by the ED method for
L = 10 under PBC at U = 20th with A0 = 0.3, ωp = 19.36th,
σp = 2/th, and t0 = 10/th in A(t).
Figure S.4. Frequency ωp dependence of 〈ηˆ2〉 (t)/L in the
half-filled Hubbard chain at U = 20th after the pulse irradi-
ation (t = 30/th) with different system size L. The results
are calculated by the ED method under PBC with A0 = 0.3,
σp = 2/th, and t0 = 10/th in A(t).
and the η-pairing correlation
〈ηˆ2〉 (t) = 〈Ψ(t)|ηˆ2|Ψ(t)〉 . (S34)
Note that 〈ηˆ2〉 (t) = 〈Ψ(t)|ηˆ+ηˆ−|Ψ(t)〉 because ηz = 0 at
half-filling and therefore 2 〈ηˆ2〉 (t)/L is exactly the same
quantity as the superconducting structure factor P (q, t)
at q = pi used in Ref. [S1]. In this reference, P (q, t)
is defined as P (q, t) =
∑
j e
iqRjP (j, t) with P (j, t) =
1
L
∑
i 〈Ψ(t)| (∆ˆ†i+j∆ˆi + c.c.) |Ψ(t)〉 and ∆ˆj = cˆj,↑cˆj,↓. As
the similar results are already reported in Ref. [S1],
the external pulse induces an enhancement of nd(t) and
〈ηˆ2〉 (t). The inset of Fig. S.3 shows the time-dependent
〈ηˆ2〉 (t)/L as the function of nd(t) at the same time t.
The η-pairing correlation 〈ηˆ2〉 (t)/L increases monotoni-
cally with the time-dependent nd(t). Figure 3 in the main
text corresponds to these results with the systematic L
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Figure S.5. A0 dependence of nd and 〈ηˆ2〉 /L averaged from
t = 20/th to 30/th after pumping. Inset: 〈ηˆ2〉 /L as the
function of nd. Note that these quantities are calculated at the
same A0 as shown in the main figure and the arrow indicates
the direction of increasing A0. The results are calculated by
the ED method for L = 10 under PBC at U = 20th with
ωp = 19.36th, σp = 2/th, and t0 = 10/th in A(t).
Figure S.6. 〈ηˆ2〉 /L as a function of nd for different values
of A0 in the half-filled Hubbard chain at U = 20th. Here,
these quantities are time-averaged from t = 20/th to 30/th
after pumping. The pulse frequencies ωp/th = 18.68, 19.11,
19.36, 19.54, and 19.66 are set for L = 6, 8, 10, 12, and
14, respectively. The dashed line is 〈ηˆ2〉(nd)/L = nd. The
diamond indicates 〈ηˆ2〉 /L = nd = 0.25, which is the aver-
age of 〈ψm|ηˆ2|ψm〉 over all Hubbard eigenstates at half-filling
(N↑ = N↓ = L/2). The results are calculated by the ED
method under PBC with σp = 2/th and t0 = 10/th in A(t).
dependence study.
Because of the finite size effect, the optimal photoex-
citation frequency weakly depends on the system size.
Figure. S.4 shows the frequency ωp dependence of 〈ηˆ2〉 (t)
after pumping with different L. The peaks of 〈ηˆ2〉 (t) are
located at ωp ∼ U but they have the system size depen-
dence. With increasing L, the highest peaks of 〈ηˆ2〉 (t)
approach to ωp = U . To discuss the finite-size effect
systematically, we employ the optimal ωp, at which the
highest peak of 〈ηˆ2〉 (t) is located, for each system size L.
In the main text, we show the time-dependent
〈ηˆ2〉 (t)/L as the function of nd(t) at a fixed pump
strength A0. Equivalent results could be obtained by
examining A0 dependence of 〈ηˆ2〉 and nd after pump-
ing. Figure S.5 shows the time averaged 〈ηˆ2〉 and nd af-
ter pumping. The η-pairing correlation 〈ηˆ2〉 /L increases
with nd as a function of A0. Figure S.6 summaries 〈ηˆ2〉 /L
vs. nd obtained by varying A0, corresponding to the plot
shown in the inset of Fig. S.5 but for different system
sizes L. Note that here we omit the data at nd > 0.3
for better visibility. As in the case studied in Fig. 3 in
the main text, we find that 〈ηˆ2〉 /L in the photoinduced
state is much larger than 〈ηˆ2〉 /L = nd (dashed line) ex-
pected for a thermal distribution of the eigenstates [see
Eq. (S32)] and is enhanced with L. This suggests the
long-ranged η-pairing correlation in our optically driven
system.
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